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(A q-analogue of derivations on the tensor algebra and
the $q$-Schur-Weyl duality)
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)








Schur-Weyl $q$ ( $U_{q}(\mathfrak{g}\mathfrak{l}_{n})$ $H_{\infty}(q)$
; [J] $)$
$\overline{T}(V)$ Schur-Weyl
immanant quantum immanant ( $U(\mathfrak{g}\mathfrak{l}_{n})$
; [O] $)$ $\hat{T}(V)$ $U_{q}(\mathfrak{g}\downarrow_{n})$




$p$ $A_{p-1}$ -Hecke $A$
-Hecke
$q\in \mathbb{C}^{\cross}$ $H_{p}(q)$ $A_{p-1}$ -Hecke
$\mathbb{C}$ :
generators: $t_{1},$ $\ldots,$ $t_{p-1}$ ,
relations: $(t_{i}-q)(t_{i}+q^{-1})=0$ , $t_{i}t_{i+1}t_{i}=t_{i+1}t_{i}t_{i+1}$ , $t_{i}t_{j}=t_{j}t_{i}$ for $|i-j|>1$ .
$V$ $\mathbb{C}$ $n$ $e_{1},$
$\ldots,$
$e_{n}$
$T(V)$ $p$ (V) $=V^{\otimes p}$ $H_{p}(q)$ $(p$
$q$ ) :
$H_{p}(q)arrow$ End $(V^{\otimes p}),$ ’ $t_{i}\mapsto$ id$v\otimes p-i-1\otimes t\otimes$ id$v\otimes i-1$ .
$t$ End $(V\otimes V)$ $i<j$ ( $t$ ) :
$e_{i}e_{i}t=qe_{i}e_{i}$ , $e_{i}e_{j}t=e_{j}e_{i}$ , $e_{j}e_{i}t=e_{i}e_{j}+(q-q^{-1})e_{j}e_{i}$ .
$\otimes$
$T_{p}(V)=V^{\otimes p}$ $H_{p}(q)$ $A_{\infty}$ -Hecke $H_{\infty}(q)$ (
$H_{0}(q)\subset H_{1}(q)\subset H_{2}(q)\subset\cdots$ ) $\hat{T}_{p}(V)$
$\hat{T}_{p}(V)=Ind_{H_{p}(q)}^{H_{\infty}(q)}V^{\otimes p}=V^{\otimes p}\otimes_{H_{p}(q)}H_{\infty}(q)$





$x=v_{p}\cdots v_{1}\sigma\in\hat{T}_{p}(V)$ , $y=w_{q}\cdots w_{1}\tau\in\hat{T}_{q}(V)$
$($
$v_{i},$ $w_{j}\in V,$ $\sigma,$ $\mathcal{T}\in H_{\infty}(q))$ $x\cdot y$
$x\cdot y=(v_{p}\cdots v_{1}\sigma)\cdot(w_{q}\cdots w_{1}\tau)=v_{p}\cdots v_{1}\cdot w_{q}\cdots w_{1}\cdot\alpha^{q}(\sigma)\tau\in\hat{T}_{p+q}(V)$
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$L(x):\hat{T}(V)arrow\hat{T}(V)$ , $y\mapsto xy$ .
$x=v\in V\subset\hat{T}_{1}(V)$ $x=\sigma\in H_{\infty}(q)=\hat{T}_{0}(V)$ (
).
$v^{*}\in V$ $L(v^{*}):\hat{T}(V)arrow\hat{T}(V)$ ( $V^{*}$ $V$
) . $ei,$ $\ldots,$ $e_{n}^{*}$ $e_{1},$ $\ldots,$ $e_{n}$ $L(e_{1}^{*})$
$L(e_{i}^{*}):v_{p} \cdots v_{1}\sigma\mapsto\sum_{r=1}^{p}(f_{i}v_{p})\cdots(f_{i}v_{r+1})\langle e_{i}^{*},$ $v_{r}\rangle(k_{\dot{t}}^{-1}v_{r-1})\cdots(k_{i}^{-1}v_{1})\sigma$ .
$v_{p},$ $\ldots,$
$v_{1}$
$V$ $\sigma$ $H_{\infty}(q)$ $k_{i},$ $f_{i}$
$k_{i}:Varrow V$, $ej\mapsto q^{\delta_{lj}}ej$ , $f_{i}:Varrow\hat{T}_{1}(V)$ , $ej\mapsto\{\begin{array}{ll}e_{j}t_{1}, i\leq j,e_{j}t_{1}^{-1}, i>j\end{array}$
$L(e_{1}^{*})e_{1}e_{1}e_{2}$ :




$L:V^{*}arrow$ End$\mathbb{C}(\hat{T}(V))$ $L(v^{*})$ $L(v^{*})$






2.1. $v\in V,$ $v^{*}\in V^{*}$ :











$t=t_{1}$ $K_{i}\in$ End$\mathbb{C}(\hat{T}(V))$ :
$K_{i}:e_{i_{p}}\cdots e_{i_{1}}\sigma\mapsto q^{\delta_{ii_{1}}+\cdots+\delta_{ii_{p}}}e_{i_{p}}\cdots e_{i_{1}}\sigma$ .
(canonical commutation relation) (canon-
ical anticommutation relation) $\hat{T}(V)$ Boson Fock Fermion Fock
$L(v)$ $L(v^{*})$
3.
$L(v)$ $L(v^{*})$ $U_{q}(\mathfrak{g}1(V))$ $V^{\otimes p}$
$\pi$
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$U_{q}(\mathfrak{g}$ $(V))$ $V=\mathbb{C}^{n}$ $U_{q}(\mathfrak{g}1(V))$
$\mathbb{C}$ ([J]):
generators: $q^{\pm\epsilon_{1/2}},$ $\ldots,$ $q^{\pm\epsilon_{n}/2},\hat{e}_{1},$ $\ldots,\hat{e}_{n-1},\hat{f}_{1},$ $\ldots,\hat{f}_{n-1}$ ,
relations: $q^{\epsilon:/2}q^{\epsilon_{j}/2}=q^{\epsilon_{j}/2}q^{\epsilon_{i/2}}$ , $q^{\epsilon_{i/2}}q^{-\epsilon:/2}=q^{-\epsilon_{i/2}}q^{\epsilon_{i/2}}=1$ ,
$q^{\epsilon_{i/2}}\hat{e}_{j}q^{-\epsilon_{i}/2}=q^{\delta_{lj}-\delta_{1j+\iota}\prime}\hat{e}_{j}$, $q^{\epsilon_{i/2}}\hat{f}_{j}q^{-\epsilon_{i}/2}=q^{-\delta_{1j}+\delta_{1j+1}\prime}\hat{f}_{j}$ ,
$\hat{e}_{i}\hat{f}_{j}-\hat{f}_{j}\hat{e}_{i}=\delta_{ij}\frac{q^{(\epsilon|-\epsilon_{i+1})/2}-q^{(\epsilon)/2}-\epsilon_{2+:+1}}{q-q^{-1}}$ ,
$\hat{e}_{i}\hat{e}_{j}=\hat{e}_{j}\hat{e}_{i}$ , $\hat{f}_{i}\hat{f}_{j}=\hat{f}_{j}\hat{f}_{i}$ for $|i-j|>1$ ,
$\hat{e}_{i}^{2}\hat{e}_{i\pm 1}-(q+q^{-1})\hat{e}_{i}\hat{e}_{i\pm 1}\hat{e}_{i}+\hat{e}_{1\pm 1}\hat{e}_{i}^{2}=0$ ,





$\hat{E}_{ik}=\hat{E}_{ij}\hat{E}_{jk}-q\hat{E}_{jk}\hat{E}_{ij}$ , $\hat{E}_{ki}=\hat{E}_{kj}\hat{E}_{ji}-q^{-1}\hat{E}_{ji}\hat{E}_{kj}$ .
$i<j$ $a\in \mathbb{C}$ L-operator :
$\hat{E}_{ij}(a)=a^{-1}q^{-(\epsilon_{i}+\epsilon_{j}-1)/2}\hat{E}_{ij}$ , $\hat{E}_{ji}(a)=aq^{(\epsilon_{j}+\epsilon_{i}-1)/2}\hat{E}_{ji}$, $\hat{E}_{1i}(a)=\frac{aq^{\epsilon:}-a^{-1}q^{-\epsilon_{1}}}{q-q^{-1}}$ .
3.1. $U_{q}(\mathfrak{g}$ $(V))$ L-operator :
$\pi(\hat{E}_{ij}(1))=L(e_{i})L(e_{j}^{*})$ .
$\pi$ $U_{q}(\mathfrak{g}$ $(V))$ $V$ $p$ :
$\pi(\hat{e}_{i})=\sum k_{i}^{1/2}k_{i+1}^{-\iota/2}\otimes\cdots\otimes k_{i}^{1/2}k_{i+1}^{-1/2}\otimes E_{i,i+1}\otimes k_{i}^{-1/2}k_{i+1}^{1/2}\otimes\cdots\otimes k_{i}^{-1/2}k_{i+1}^{1/2}$ ,
$\pi(\hat{f}_{i})=\sum k_{i}^{1/2}k_{i+1}^{-1/2}\otimes\cdots\otimes k_{i}^{1/2}k_{i+1}^{-1/2}\otimes E_{i+1,i}\otimes k_{i}^{-1/2}k_{i+1}^{1/2}\otimes\cdots\otimes k_{i}^{-1/2}k_{i+1}^{1/2}$ ,
$\pi(q^{\pm\epsilon./2})=k_{i}^{\pm 1/2}\otimes\cdots\otimes k_{i}^{\pm 1/2}=K_{i}^{\pm 1/2}$ .
$V$ $k_{i}^{1/2}$ $e_{j}\mapsto q^{\delta_{:j}/2}e_{j}$
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4. $q-S\circ HUR$-WEYL
$U_{q}$ ( $\mathfrak{g}$ (V)) Schur-Weyl $q$ ( [J])
q-Schur-Weyl $U_{q}$ ( $\mathfrak{g}$ (V))
$V^{\otimes p}$
$\pi$ 1 $H_{p}(q)$ ( $\rho$ )
$q$ $[k]$ $q$ $[k]!$ :
$[k]= \frac{q^{k}-q^{-k}}{q-q^{-1}}=q^{k-1}+q^{k-3}+\cdots+q^{-k+1}$ , $[k]!=[k][k-1]\cdots[1]$ .
4.1 (q-Schur-Weyl duality). $\mathscr{K}]!\neq 0$ End $(V^{\otimes p})$ $\pi(U_{q}(\mathfrak{g}$ $(V)))$
$\rho(H_{p}(q))$ commutant :
End $(V^{\otimes p})^{\pi(U_{q}(\mathfrak{g}\mathfrak{l}(V)))}’=\rho(H_{p}(q))$ , End $(V^{\otimes p})^{\rho(H_{p}(q))}=\pi(U_{q}(\mathfrak{g}\downarrow(V)))$ .
:
$\mathcal{E}=\sum_{1\leq i_{1}\leq\cdots\leq i_{p}\leq n}\frac{1}{[I]!}L(e_{i_{p}})\cdots L(e_{i_{1}})L(e_{i_{1}}^{*})\cdots L(e_{i_{p}}^{*})$.
$[I]!=[m_{1}]!\cdots[m_{n}]$ ! $m_{1},$ $\ldots,$ $m_{n}$ $i_{1},$ $\ldots,$ $i_{p}$ 1, . . . , $n$
:
$I=(i_{1}, \ldots, i_{p})=(1, \ldots,1,2, \ldots,2, \ldots,n, \ldots, n)\tilde{m_{1}}\tilde{m2}\tilde{m_{n}}$
.
$\mathcal{E}$ :
42. $x\in V^{\otimes p}$ $\mathcal{E}x=x$ $\mathcal{E}$ $V^{\otimes p}$
4.1
4.1 )$]!\neq 0$
$H_{p}(q)$ ([GU]) ([GW]) End $(V^{\otimes p})^{\rho(H_{p}(q))}\subset$
$\pi(U_{q}$ ( $g$ (V)) $)$




$1\leq i_{1}\leq\cdots\leq i_{p}\leq n^{\frac{1}{[I]!}L(e_{i_{p}})\cdots L(e_{i_{1}})L(e_{i_{1}}^{*})\cdots L(e_{i_{p}}^{*})x)}$
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$= \Phi(\sum_{1\leq i_{1}\leq\cdots\leq i_{p}\leq n}\frac{1}{[I]!}L(e_{i_{p}})\cdots L(e_{i_{1}})\sigma_{I})$
$= \Phi(\sum_{1\leq i_{1}\leq\cdots\leq i_{p}\leq n}\frac{1}{[I]!}e_{i_{p}}\cdots e_{i_{1}}\sigma_{I})$ .
$L(e_{i_{1}}^{*})\cdots L(e_{i_{p}}^{*})x$ $\sigma_{I}$ $\sigma_{I}$ $H_{p}(q)$
$\Phi$ $H_{p}(q)$
$\Phi(x)$
$\Phi(x)=\sum_{1\leq i_{1}\leq\cdots\leq i_{p}\leq n}\frac{1}{[I]!}\Phi(e_{i_{p}}\cdots e_{i_{1}})\sigma_{I}$
$= \sum_{1\leq i_{1}\leq\cdots\leq i_{p}\leq n}\frac{1}{[I]!}L(\Phi(e_{i_{p}}\cdots e_{i_{1}}))L(e_{i_{1}}^{*})\cdots L(e_{1p}^{*})x$.
2.1,22
$L(\Phi(e_{i_{p}}\cdots e_{i_{1}}))L(e_{i_{1}}^{*})\cdots L(e_{i_{p}}^{*})$
$L(v)L(v^{*})$ $K_{i}$ 3.1 $\pi(U_{q}(g1(V)))$
$\Phi\in\pi(U_{q}(g[(V)))$ 4.1
4.1 $q$ $p]!\neq 0$ ( $H_{p}(q)$
) . $p$] $!=0$ $[I]!=0$
$I$ (I ) .
$q$
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